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Fig. 2.— The temporal evolution of PM (k, t) at seven represen-
tative wavenumbers. Heavier ink denotes larger scales. The dashed
line shows a power law with index �4/3

small to large scales.
Indeed, as shown in Figure 2 the magnetic energy spec-

trum PM (k, t) is an increasing function of time for small
k at early times. For each wavenumber k < k0, there is
a turn-over time ⌧k when @

@tPM (k, t) switches sign. ⌧k
is thus the time when coherent magnetic field structures
of wavenumber k are fully developed, and captures the
time required for the magnetic field to assemble itself
at length scale k�1. At times t > ⌧k, the amplitude
of wavenumber k structures diminishes as a power law in
time, PM (k, t) / t� where � is measured to be�1.3±0.03.
The fiducial value of �4/3 will be adopted for simplicity.
Figure 3 shows PM (k, t) at several times throughout

the simulation. After a fraction of an Alfvén time, the
magnetic energy spectrum relaxes to a form which is well
described by a split power law
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where the sub-inertial and inertial range indices are mea-
sured to be ↵ = 3.50 ± 0.04 and � = �1.91 ± 0.005
respectively. The values ↵ = 7/2 and � = �2 will be
adopted for simplicity. We note here that the magnetic
energy spectrum is found to be significantly steeper than
5/3 as is predicted in the Goldreich-Sridhar (Goldreich
& Sridhar 1995) phenomenology. 5/3 scaling has been
verified numerically in strong Alfvén wave turbulence as
well as isotropic MHD turbulence driven kinetically at
large scales (see e.g. Tobias et al. 2011, for a review).
However, it appears that isotropic, freely decaying MHD
turbulence has a slope that is significantly steeper than
is predicted by the Goldreich-Sridhar theory.
As shown in the upper panel of Figure 4, the break

in the power spectrum lies at kt / t� where � is con-
sistent with the value of �2/5 predicted by scaling ar-
guments made in Shiromizu (1998) and Olesen (1997).
Throughout the simulation, the sub-inertial and inertial
range indices remain fixed, with the peak of magnetic en-
ergy moving down and to the left on the axes of Figure
3. In other words, the evolution of the magnetic energy

Fig. 3.— PM (k, t) shown at nine representative times, including
t = 0 and proceeding through t = 22.6tA with lines of increasing
width. The dashed lines show power laws with indices 3.5 and
�2 for the scales larger and smaller than the injection scale 2⇡/k0
respectively. The dashed-dotted line shows PM (k, ⌧k) / k4/3.

spectrum is very nearly self-similar, being well-described
by

PM (k, t) = s��+�PM (ks�� , tA) (3)

where s = t/tA and � = �4/3 is the power-law in-
dex for decay at all wavenumbers larger than kt, as
shown in Figure 2. In this empirical model the mag-
netic energy at each scale larger than k�1

t grows pro-
portionally to t�(��↵)+� = t13/15 and the energy as-
sociated with peak magnetic structures, PM (kt, t) di-
minishes as t��+� = t�8/15. Those peaks trace out
PM (k, ⌧k) / k4/3 as shown in the dashed-dotted line of
Figure 3. In the limit of Lkt ! 1 the total magnetic en-
ergy EM (t) / t�(�+1)+� = t�14/15 as shown in the lower
panel of 4.

4. DISCUSSION

4.1. Comparison with other studies

Direct numerical simulation of freely decaying non-
helical MHD turbulence have been carried out by Chris-
tensson et al. (2001) and Banerjee & Jedamzik (2004)
which report selective decay and no inverse cascade.
Nevertheless, it is possible that an inverse cascade was
present, but hidden beneath the sub-inertial part of
the imposed energy spectrum, for which indices of 2
and 4 were chosen by each study respectively. It was
observed here that the locus of peak spectral energy
PM (k, ⌧k) / k4/3, so additional scale separation might
have been required in those studies for an inverse cas-
cade to become apparent. Our results are in general
agreement with those of Brandenburg et al. (2014), which
are based on direct numerical simulations of non-helical,
non-relativistic MHD turbulence done with very high res-
olution. That study reported a slightly steeper slope of
the sub-inertial range.
Inverse cascading of magnetic energy in the test-

field limit was also reported very recently by Berera &
Linkmann (2014). This study found that passive vector
fields advected within fully developed, isotropic hydrody-
namic turbulence attain coherency over increasing sptial


