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ABSTRACT

The free decay of nonhelical relativistic magnetohydrodynamic turbulence is studied numerically, and found to
exhibit cascading of magnetic energy toward large scales. Evolution of the magnetic energy spectrum PM (k, t) is
self-similar in time and well modeled by a broken power law with subinertial and inertial range indices very close
to 7/2 and −2, respectively. The magnetic coherence scale is found to grow in time as t2/5, much too slow to
account for optical polarization of gamma-ray burst afterglow emission if magnetic energy is to be supplied only at
microphysical length scales. No bursty or explosive energy loss is observed in relativistic MHD turbulence having
modest magnetization, which constrains magnetic reconnection models for rapid time variability of GRB prompt
emission, blazars, and the Crab nebula.
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1. INTRODUCTION

Freely decaying magnetohydrodynamic (MHD) turbulence is
a phenomenon of fundamental importance within the theory of
magnetized fluids. That its operation may include the cascading
of energy toward larger scales bears far-reaching implications
in cosmology and high-energy astrophysics. For example, the
strength and coherence scale of the present-day galactic mag-
netic field could be explained by inverse cascading from ex-
tremely small-scale fields seeded by phase transitions in the
early universe (Field & Carroll 2000; Tevzadze et al. 2012).
Inverse cascading of magnetic energy, if sufficiently fast, could
also explain recent measurements of strong optical polariza-
tion in gamma-ray burst (GRB) afterglows (Uehara et al. 2012;
Mundell et al. 2013), where magnetic energy production is be-
lieved to operate only at very small scales.

Turbulent inverse cascades are associated with the accumu-
lation of energy at wavelengths longer than the turbulence inte-
gral scale. They entail the self-organization of turbulent struc-
tures, wherein order emerges from chaotic initial conditions.
A familiar example is that of two-dimensional hydrodynamic
turbulence, where inverse cascading of kinetic energy is a con-
sequence of global enstrophy conservation. Inverse cascades are
qualitatively distinct from direct cascades in that they shift en-
ergy away from, rather than toward, the dissipation scale. In gen-
eral, turbulent energy flux moves in both directions. However, in
three-dimensional hydrodynamic turbulence, modes above the
integral scale are damped by instabilities faster than they are
pumped by motions in the inertial range.

Since the work of Frisch et al. (1975), it has been well
appreciated that MHD turbulence may exhibit inverse cascading
as a consequence of global magnetic helicity conservation.
However, the literature to date is still conflicted on whether
helicity is a necessary condition for inverse cascading to
occur. It was shown by Olesen (1997) and Shiromizu (1998)
that inverse cascading could be expected even for nonhelical
configurations, as a consequence of rescaling symmetries native
to the Navier–Stokes equations, but no inverse cascading was
seen in numerical studies based on EDQNM theory (Son 1999)
or direct numerical simulations with relatively low resolution

(Christensson et al. 2001; Banerjee & Jedamzik 2004). Given
that mechanisms for helicity production in the early universe
are uncertain, and completely absent from regions of GRB
afterglow emission, it is crucial to understand the operation
of freely decaying nonhelical MHD turbulence.

In this Letter, we establish that helicity is not a necessary
condition for inverse cascading in relativistic MHD turbulence.
The intended domains of applicability are the evolution of
primordial magnetic fields, and those thought to be responsible
for the synchrotron emission of GRB afterglows. Given that
neither is free of relativistic complications, our results are based
on numerical solutions of the relativistic MHD equations. We
adopt the initial value problem PM (k, 0) ∝ δ(k − k0), where
k−1

0 is much smaller than the simulation domain (PM (k, t) is
defined so that the electromagnetic energy density EM (t) =∫

PM (k, t) dk). This choice permits the system to evolve toward
a universal energy spectrum, allowing the sub-inertial and
inertial range indices to be measured instead of imposed.

Numerical simulations exhibiting inverse cascades in non-
helical, nonrelativistic MHD turbulence were reported by
Brandenburg et al. (2014) concurrently with the preparation
of this work. Our treatment goes farther by including relativistic
effects, and by proposing a self-similar ansatz for the evolu-
tion of PM (k, t) which agrees very closely with the simula-
tion results. We have studied freely decaying MHD turbulence,
whereas Brandenburg et al. (2014) assumed continuous mag-
netic energy injection at small scales. Despite these differences,
both studies support the existence of inverse magnetic energy
transfer in non-helical MHD turbulence. The case of relativistic
MHD turbulence driven continuously at large scales as been
treated previously (Zrake & MacFadyen 2011, 2013). Our nu-
merical setup is described in Section 2. Simulation results and
our self-similar ansatz are given in Section 3. In Section 4.3 we
suggest a phenomenological picture that accounts for inverse
cascading of MHD turbulence. We also draw comparisons with
previous numerical and analytical work in Section 4.1, and in
Section 4.2 examine the generality of the initial value problem
chosen for this study. Finally, in Section 4.4 we discuss the im-
plications of our findings to the physics of GRB prompt and
afterglow emission.

1

http://dx.doi.org/10.1088/2041-8205/794/2/L26

