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1 Resonant Acceleration by 
Alfvén waves

One of acceleration mechanisms by 
MHD turbulence is acceleration by 
Alfvén waves.

Resonant Acceleration
The resonant interaction of particles with the 
Alfvén waves propagating in both directions 
results in diffusion in energy space.

Va

V||

V⊥：velocity perpendicular to  B0

-Va

acceleration

The particle energy is conserved in the wave rest frame.

A constant of motion H Δμ

velocity parallel to  B0



The energy diffusion is described 
by a diffusion coefficient.

The quasi-linear theory
Assumption :
• wave amplitude is small.
• wave phases are random.

The pitch angle averaged diffusion coefficient
(e.g. Eilek & Henriksen 1984)
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: momentum

: wave power spectrum

: Lorentz factor

(Schlickeiser 2002)

When the assumptions are invalid, nonlinear effects 
were found (Terasawa 1989, Michałek and Ostrowski
1996, Kuramitsu and Hada 2000).



The particles with a Lorentz factor γ resonate with  
the Alfvén waves having               .

γc
kres

0Ω
=

reskk ≥

The resonant wavenumber

In addition, the waves having               can 
scatter the particles.

reskk <

The aim of this paper

We investigate efffects of Alfvén waves 
having             on the energy diffusion 
by using test particle simulations.

reskk <

Wave amplitude becomes larger as k is smaller.

wkkP −∝)( 1>w
maxmin kkk ≤≤

The power spectrum of the turbulent Alfvén waves 



The equation of motion

We integrate the equation of motion for electrons in a given 
turbulent field and evaluate the diffusion coefficient in 
energy space ( Terasawa 1989; Michałek and Ostrowski
1996).

2 Model

xv
dt
dx

cm
q

dt
d

=
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⎠
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×+= BuEu

γ
1

0

Normalization constant 

the speed of light c for velocity,           for time,   Ｂ０ for fields.1
0
−Ω

x
B0

Alfvén waves

γ: Lorentz factor

vu γ=

),,( 0 zy BBB=B

),,0( zy EE=E

system length L



Turbulent fields are given by superposing 
circularly polarized Alfvén waves.

w : the power law index 
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k： wave initial phase (random)
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The energy diffusion coefficient is estimated by

<> : ensemble average

Parameters

• initial Lorentz factor γ0=10
• 1000 electrons
• VA/c=0.03
• w=2
• the system size L is chosen so that the resonant 

wavenumber kres corresponds to mres=100.

t
Dsim

~2
)( 2

0 〉−〈
=

γγ

Free Parameters

• mmin, mmax : m corresponding to kmin, kmax.

• : The total energy density of the waves 
in the range mmin ≤ m ≤ mmax

Diffusion coefficient

2~Bδ



1)The case when mmin=mres.

γζπ 2

)2(2
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c
v

w
wD aQL

The quasi-linear diffusion coefficient

ζ: the energy density of the resonant waves.

3. Results

P(k)

m
100 400

∝ｋ-2

mres

ζ

wave power spectrum 

This is the case when only the resonant waves exist.



We carry out ten simulation runs with different initial 
wave phase sets αj

k in each model. We average 
the simulated diffusion coefficients at each time. The 
error bars represent the standard deviation.

04.0,400),100( maxmin ==== ζmmm res

Fig.1  Simulated diffusion coefficient versus t.
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The simulated diffusion coefficients at t=1000 versus ζ.

• When ζ< 0.1,  Dsim～ DQL.

• As ζ increases, Dsim rises faster than DQL

(as previously reported by Terasawa(1989), Michałek and 
Ostrowski (1996) ) .

Non-linear enhancement is weak because 
of the absence of non-resonant Alfvén
waves having m<mres.
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2) The case when mmin < mres.

We consider three models.

(1)

(2)

(3) 54.0~,10

26.0~,20

09.0~,50

2
min

2
min

2
min

==

==

==

Bm

Bm

Bm

δ

δ

δ

P(k)

m
100 400

∝ｋ-2

mres

2~Bδ

mmin

04.0=ζ

How non-linear effects by the non-resonant Alfvén
waves modify the energy diffusion?

The energy density of the resonant waves is small.



becomes larger with increasing      .simD 2~Bδ

Because the non-resonant waves have large 
amplitude, the non-linear enhancement is 
strong.
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(3)

Energy diffusion only by the non-resonant waves

: model 54.0~,90,10 2
maxmin === Bmm δ

Fig.3



The case when ζ=0.0004.

The non-linear enhancement is weak.

When δB2=0.0054, Dsim/DQL～2.
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Energy diffusion only by the non-resonant waves

: model 

We obtain Dsim～ DQL.

0054.0~,90,10 2
maxmin === Bmm δ

Fig.4



4. Discussion
1)  We compare pitch angle changes by the resonant 

waves with that by the non-resonant waves.

Model
Initial pitch angle cosine : μ=0.25
Monochromatic wave

• wavenumber k=m k1
• wave  amplitude b

µ

The resonant wave case :

The pitch angle changes slowly around μ=0.25.
003.0,400 == bm

003.0,400 == bm

01.0,100 == bm

1.0,10 == bm

The non-resonant wave case:

The pitch angle changes faster and larger as b is larger.

This enhances the pitch angle scattering 
and the energy diffusion.
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