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1. Introduction

Equipartition conditions for the magnetic field energy density and the kinetic
energy density of plasma particles in astrophysical sources are also often invoked
for convenience in order to analyze cosmic synchrotron intensities. Observation-
ally, for a variety of nonthermal sources the equipartition concept is supported
by magnetic field estimates as e.g. in the Coma cluster of galaxies and radio-
quiet active galactic nuclei.

From a theoretical point of view, there is no simple explanation of such parti-
tion. An upper limit on the magnetic field strength can be derived by applying
Chandrasekhar ‘s general result, derived from the virial theorem, that for the ex-
istence of a stable equilibrium in the radiating source it is necessary that the total
magnetic field energy of the system does not exceed the system “s gravitational
potential energy. Such a magnetic field upper limit corresponds to lower limits
on the system s parallel and perpendicular plasma betas, 3 = 87m/<:BTH/B2
and (3, = 8mnkpT) /B?, respectively, as bi-Maxwellian plasma distributions
with different temperatures along and perpendicular to the magnetic field are
the most likely distributions of cosmic plasmas, as observations of the solar
wind plasma indicate.
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The solar wind plasma is the only cosmic plasma where detailed in-situ satellite
observations of plasma properties are available (Bale et al. 2009). As other
dilute cosmic plasmas have similar densities, temperatures and magnetic fields
as the solar wind, the physical processes leading to equipartition conditions
probably apply to all other dilute cosmic plasmas.

Ten years (long-time average) of WIND/SWE data (see Figs. 1 and 2) have
demonstrated that the proton and electron temperature anisotropies A = TL/TH
are bounded by mirror and firehose instabilities at large values 3 > 1 of the
parallel plasma beta 8 = 87nkpT)/B§ = Pihermal,|/PB-
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Figure 1: Magnitude of observed magnetic fluctuations |§B| (from Bale et
al. 2009)

In the parameter plane defined by the temperature anisotropy A = TL/TH and
the parallel plasma beta 3}, stable plasma configuration are only possible within
a rhomb-like configuration around ) ~ 1, whose limits at large 3 > 1 are
defined by the threshold conditions for the mirror and firehose instabilities. If a
plasma would start with parameter values outside this rhomb-like configuration,
it immediately would generate fluctuations via the mirror and firehose instabil-
ities, which quickly relax the plasma distribution into the stable regime within
the rhomb-configuration.
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In order to understand the confinement limits also at small values of the paral-
lel plasma beta 3 < 1 we analyze here rigorously the full linear dispersion
relation in a collisionless homogenous plasma with anisotropic (4 # 1)
bi-Maxwellian particle velocity distributions for electromagnetic fluc-
tuations with real wave vectors (Ex By = 0) parallel to the uniform background
magnetic field BB and complex frquency

w(k) = wr(k) +1y(k), 6B(z,t) oc Fz-wrtl 1t — gh(z=RH Skt (1)

Two types of fluctuations:
(1) Weakly amplified solutions with 7 < wg.

(2) Weakly propagating solutions with wr < v including aperiodic solu-
tions with wr = 0.
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Figure 2: Observed properties of solar wind turbulence (from Bale et al.
2009)




2. Dispersion relations of parallel fluctuations

2.1. Basic equations

The theoretical problem is well posed: for a nonzero background magnetic field
strength the nonrelativistic dispersion relations for right-handed (RH) and left-
handed (LH) polarized transverse fluctuations with wave vectors kxB=0in
a thermal electron-proton plasma are (Gary 1993)

0= DRH,LH(k;W = w2 — k262+

)
9 w w=xQ, 1 o wEQ,
) 7z ML TR ekl
2 [ﬁkua,n <\/§kua,|> 2 : <\/§’f“a,|

a=p,e

=0, (2)

where we sum over a proton (p)-electron (e) plasma. and where wy, . denotes
the electron plasma frequency, u, | = (lﬂgTa’”/ma)l/2 is the parallel thermal
velocity of component a, Q, = e,B/(mgc) is the non-relativistic gyrofrequency,
and A, = a,L/Tm” is the temperature anisotropy of component a, where the
directional subscripts refer to directions relative to the background magnetic
field. The dispersion relations (2) allow for different values of the proton and
electron parallel temperatures and temperature anisotropies.

Z(z) and Z'(z) denote the plasma dispersion function (Fried and Conte 1961)
and its derivative

Z(@) = a2 /_ Tl (3)
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We use the asymptotic expansions

2 2
Z(x) ~ ml/Qe_”CQ — 2z {1 — ;} ,x <1 (4)
and

N 12 —g2 1 1 3
Z(x)_zmr/ex—x[lﬁ-w—kw],x»l (5)
where 0 = 0 if S(z) >0, o =1if S(z) =0 and 0 =2 if I(z) < 0.

It is convenient to introduce the complex phase speeds

w W+ 1y Wi ~ Introduction
f:kTC:T:R—'_ZS’ R:?C’ S:kTC’ (6) Dispersion . . .
the plasma frequency phase speed
w=2e (7)

ke’
and the absolute value of the electron gyrofrequeny phase speed

o
= Bl (5)

where |Q.| = eB/mecc. = m,/m. = 1836 is the mass ratio, and

2kpT, 1\ /> 2kpT, 1\ />
0, = ( B 2’”) , Op= (B g) 9)
MeC myC

b




We discuss high density plasmas with w, . > ||, corresponding to w > b,
which applies to nearly all astrophysical plasmas. These plasmas are dense
enough that the electron plasma frequency is much larger than the electron gy-
rofrequency, but small enough that elastic Coulomb collisions can be neglected.
The two dispersion relations (2) then read (f = R + 15)

D k
OZWZARH,LH(k7f)=f2—1+
w [ F(fEL\ 1 NSEX
W eﬁ( @p“>+z<l—Ap>Z ( 5,
o[ f  (fED) 1 (fED
e[l (I w2 (B2 o

The symmetry A(—k, f) = A(k, f) of both dispersion relations allows us to
consider only positive values of the wavenumber k£ > 0. To simplify the analysis
we consider only equal parallel temperature plasmas (7, | = T}, ) so that ©, =
© and ©, = ©/u!/2,
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2.2. Weak amplification limit

The dispersion relations (10) can be separated into real and imaginary parts

A(R,8) = RA(R,S) +1SA(R,S) =0

(11)

In the weak amplification approximation we equate the real and imaginary parts

to zero and make a Taylor-expansion around S = 0 to obtain

RA(R, S)) ~ RA(R, S = 0) + § | AL |
95 sy
and
N
SAR,S) ~ SAR, S = 0) + § | ZAULS)
25 o

(12)

(13)

Since A(R,S) is a meromorphic function of the complex variable f = R + 1.5,

we may use the Cauchy-Riemann relations

ORA(R,S) OSA(R.S) ORAR,S)  ISA(R,S)

OR as 7 0S8 OR

(14)
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Eq. (13) then indicates that JA, to first order in S is

ORA(R, S = 0)

SA(R,S) ~SA(R,S=0)+ S SR =0 (15)
Likewise, Eq. (14) yields
SA _
RA(R,S = 0)— sZSARS=0)_ (16)

OR

which, in combination with Eq. (15), yields to lowest order in the small quantity
(S/R)? < 1 that the real part of the dispersion relation satisfies

RA(R,S =0)=0 (17)
Eq. (15) provides the corresponding imaginary part

SA(R, S = 0)
S =~ oma=0) (18)
OR

in the weak damping/amplification limit. For consistency, the resulting weak
damping/amplification solutions have to fulfil S < R, which has to be checked
aposteriori.
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2.3. Weak propagation limit

In the weakly propagating limit (R < |S|) we Taylor-expand around R = 0 to

obtain in a similar way for the real part of the dispersion relation
RA(R=10,5)=0, (19)

whereas the corresponding real part is given by

SA(R =0, 5)

R= ORA(R=0,5)
as

(20)

in the weakly propagating limit. For consistency, the resulting weakly propa-
gating solutions have to fulfil R < S, which has to be checked aposteriori.

Introduction
Dispersion . . .
Observed solar . . .
Weakly amplified. . .
Weakly . . .

Comments on. . .

Summary and. ..




3. Observed solar wind fluctuations

The solar wind magnetic fluctuations measured by Bale et al. (2009) near 1
AU have wavenumbers

k~a/p, (21)

with o = 0.56£0.32 and the thermal proton gyroradius p, = 4.23~106T51/2B4_1
cm, where we adopt an interplanetary magnetic field value B = 10~*B, Gauss
and a temperature T = 10°T5 K. With the solar wind particle density n, =
10%n5 cm™3 we find that the plasma frequency phase speed (7)

by 795 (Tyno)'/? 142 (Txng)Y/?

= 22
« By 1+0.57 B, (22)
covers the interval
(T5n2)1/2 (T5n2)1/2
— < < _— 2
9022 — < w <330 (23)
The electron gyrofrequency phase speed (8)
B
_ -3 4
b=3.13-10 w—r; (24)
Ny

is indeed much smaller than the electron plasma frequency phase speed w
justifying the high density plasma approximation w > b.




4. Weakly amplified solutions

For weakly damped or amplified fluctuations

0=RArpLa(R,S=0)=R*—1

1= A,
+w2[g§RZ <R§b> 5 RZ (Rgb>

R pl/? b 1= Ay o [ pt? b
- Z | E— |R+ - 2
+@M1/2§RZ< o [BE| )+ 5,0 (B B | e
and
’LU2 1—A ’ Ml/Q b
Cx _ _ [ e
SAgH,LH(R,S =0) = 5 [711 Z <® [Rilu}
(RFD w?R | 1 pl/? b RT¥b
_ Cx Cx _ (\Z
il Ae)dz< - >}+ = M1/2d2< o [Bx2]) 37 (757)|
(26)

which have to be investigated for positive values of R > 0.

These dispersion relations can be further reduced with the asymptotic expan-
sions (4) and (5), depending on the absolute values of the arguments of the
plasma dispersion function being small or large compared to unity.




, and introducing the parallel

Scaling R = bz, corresponding to x = wg/|Qe

plasma beta
0%w?  8mn.kpT)
Bl=—=—"pF (27)
the absolute values of the arguments read
wpt/? 1 w
Pe(a) = —5 |le+ ~||, Bx(z) = —5le£1], (28)
g H g

which are shown in Fig. 3 as a function of the normalized real frequency z.
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Figure 3: Arguments of plasma dispersion function.




For parallel plasma beta values 3 < (w?/p) = 11(w/142)* we note that
P.(z)> 1, E4(x) > 1 for all values of z, whereas P_(z) > 1 for x outside
the small interval

1/2 1/2
1 B 1 B
P L1

L wu1/2’p wpl/? (29)

around the proton cyclotron frequency, and E_(x) > 1 for x outside the small
interval

1/2 ﬁl/Q
| Il
1 - 1 -
¢ w w (30)

around the electron cyclotron frequency.
Irrespective of the values of Py and Et we note that both asymptotic expan-
sions (4) and (5) yield the same imaginary part of the dispersion relation

e e o e R el
7

+ [Ae ﬁ ¥ 1] + 1} e (Re_”?), (31)




4.1. LH-polarized Alfven-proton-cyclotron and RH-polarized
Alfven-Whistler-electron cyclotron branches

For B) < (w?/ 1) the asymptotic expansion (5) yield to lowest order in ©2 < 1
with the scaling R = bx

14 p)w?
0=RAry Loz, S =0) [b + (1i/m)(1:Fa:)}x

LA (Aeazi (1—Ae)  AppxT(1- Ap)>

— - 2
2 (1Fx)3 (14 pux)? (32)
In different limits the solutions of Egs. (32) describe Alfven waves, Whistler

waves, cyclotron waves and electromagnetic waves.




4.2. Small plasma beta 3| < 1

For subluminal solutions i <1 and small parallel plasma beta ) < 1:

1+ p)w?a?
0= %ARH,LH(IE,S = O) ~ 1 :I:((,u —Iul))x — quQ -1 (33)

yielding the solutions

1
2(1 + w?)

4(1 2
1+wi1
7

For w > /(u/4) —1 = 21.4, corresponding to small wavenumbers k <
wp,e/21.4¢c, we obtain the Alfven wave solution

TRH,LH = , (34)

1 1
(1 +w?)  plPw
Consequently, at the measured w € [90,330] of Bale et al. (2009)
Alfven waves are the only weakly amplified modes contributing.

Allowing also large plasma beta values 3 < 11(w/142)? the Alfvenic dispersion
relations generalizes to

1
TRH,LH ~ m\/ 1+ (A-1)B), (36)

requiring A = (Ac + A4,)/2 > 1 — 5”71. For small plasma betas (3 < 1) this
condition is always fulfilled, whereas for large plasma betas.

xRH,LH ~ (35)




4.3. Growth rate and instability condition
Eq. (33) for small plasma beta 3 < 1 also provides
ORARm (R, S =0) 2+ (w—1)zx
OR (14 p)w?as

for all solutions (34). According to Eqs. (14) and (31) the growth/damping
rate then is

(37)

/21 + p)bPwra’
O2 =+ (u—1)z]

SruLH = —

2 (aF1)?

1 1 1 —ﬂ(a::l:l)Q —
X<W |:Ap |:$:l:u:| $ILL:|€ e? H +[Ae($¥1)i1]€ e? ), (38)

For isotropic (A, = A. = 1) temperatures all modes of the RH and LH branches
are damped in agreement with Brinca's (1990) general theorem. For instabilities

Sru,La > 0, yielding A, = A, = Ag with Wi (x) = ;}T;H [i4x +(p—1)(2? — i)}

+ <1 . j{)) [(M?’/Z 1)+ (3% + 1) tanh(Wi}

> ux [/Ll/2 +1+ (%2 -1) tanh(Wi)} . (39)




4.4. Left-handed and right-handed polarized Alfven waves

For Alfven waves the instability condition (39) becomes

+ <1 - j) [(M?’/Q + 1) tanh [“’2] — (32— 1)}

0 20
w?
> au [(/f/? +1) — (/% = 1) tanh {2&” , (40)
I
Because wQ/QBH >> /2 = 918 we set tanh {%ﬁd = 1, providing with the

dispersion relation (36) for LH polarized Alfven waves

1 1
(1—AO> > pr = 2y/14 (Ao = 1B, h:ﬁ (41)

which can only be fulfilled for Ag > 1. h is the proton plasma frequency phase
speed.
For RH polarized Alfven waves

<20—1> >,ux:% 1—(1-Ao)By, (42)

which can only be fulfilled for Ay < 1. Recall the constraint Ay > 1 —5”71 here
for ﬂ” > 1.




The two instability conditions are shown in Fig. 4.
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Figure 4: Anisotropy diagram of LH (dashed curve) and RH (full curve)
polarized Alfven waves calculated for w = 142 corresponding to a
proton plasma frequency spase speed h = 3.31. Unstable regions
are marked by "u”. The dot-dashed curve illustrates the constaint
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Unstable LH and RH polarized Alfven waves explain the observed con-
finement limits of solar wind turbulence at small parallel plasma beta.

Anisotropy diagram controlled by single parameter: the proton plasma
frequency phase speed h = w/u'/? ~ 3.31 for Bale et al. (2009) obser-
vations.

For RH polarized waves Ag < h/(h + 1) = 0.77 for 3 — 0.
For LH polarized waves Ag > h/(h — 1) = 1.43 for 3 — 0.

Maximum parallel plasma beta f|| ,q, = 1.968 of unstable LH polarized
Alfven waves at Ag = y1 /(1 — y1) = 2.634 with

1/3
/ h? / h?2
1+—+1 1+—-1 43
+27+ +27 ] (43)

1/3

y1 = h*®




5. Weakly propagating solutions

For weakly propagating fluctuations with positive S > 0 we obtain

2 1/2
_ _ g wsSr L b
0= RArmLi(R=0,8) =5 ~1- =2 [Mmdz< = [zSiM

N 1ISFDb
+\9Z( 5 )}

2 (9 _ 12 )
WL Ay (1 [zSi} +(1— A)RZ <25¢b> (44)
Iz S I
and
2 o , 1/2 Weak/y
%ARHLH(R = O,S) = wf |:1 Ap%Z (M |:ZSj: b]) Comments on. ..
’ 2 I e I
Summary and. ..
_ o ZS:Fb
+(1 Ae)dz< 5 )]
wS | 1 pl/? b 1S TFb
— | —=—=RZ | — 1S £ — RZ 45
M e (@{ W) (%50)|




The absolute values of the arguments of the plasma dispersion function for

equal parallel plasma temperatures ©, = ©,, = O are given by

1S+b /S22 /2 b, pl/? b2
Y, = = LY, = s+ =552+ =

Four weakly propagating solutions are found which are identified as

e mirror fluctuations,
e IMW (intermediate magnetized Weibel) fluctuations ,
e electron cyctronic fluctuations (newly found),

e firehose fluctuations.

The main properties of these solutions are summarized in Tables 1-4 (A = Ap).

(46)
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Table 1: Properties of weakly propagating firehose fluctuations

Imaginary phase speed range

S>0f0r1<ﬁ”<w2/u

Parallel plasma beta range

1« ﬁH < w2/u

Imaginary phase speed

“w

g — 2% [ 1-A-p

1/2
- __©
3(2—A)42-2 ] T (pHDl/2

LB
_ b 3—2A ~ 1/23-2A
Real phase speed =3, —S(Q—A)+2(“‘§;)“’2 o~ @B” ST
alad |
Polarization right-handed
Existence condition w > pl/? =43
Instability conditions: A<1l— %”

Limit in unmagnetized plasmas

not existing

Note: Instability condition opposite to Alfven wave existence condition.
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Table 2: Properties of weakly propagating electron cyctronic fluctuations

Imaginary phase speed range

S>0for®2<ﬁ”<w2

Parallel plasma beta range

@<<ﬁ||<w2

Imaginary phase speed

N 344, _ © 3+A
S_b\/ Aef’ - BI%\/ Aee

Real phase speed

|
Ow A.+1 (3+2A.)2

R ~ bActl (3+24c)

2 A, 94442 QﬂII\/Q A 014A2
Polarization left-handed
Existence condition By < w?
Instability conditions: A, > iﬁu ~ 8(1;ﬁw2)
Vs 1

Limit in unmagnetized plasmas

not existing
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Table 3: Properties of weakly propagating intermediate magnetized Weibel

fluctuations
Imaginary phase speed range O/ut?<S< O
Parallel plasma beta range By > 2uw?
. Ae—(w72+LJ:1)
Imaginary phase speed S~ W%)IAF,
A—
Real phase speed R~ ;?/"2 Ae(l-i-%“‘z)
Polarization left-handed
Existence condition A, > 14+ w2 Weakly. ..
. . N . w24 L Comments on. ..
Electron driven instability condition: | A, > L —7
1+(7T/M)1/2(1+2BLH) Summary and. ..
Limit in unmagnetized plasmas intermediate Weibel mode




Table 4: Properties of weakly propagating mirror fluctuations

Phase speed range

S>Oforﬁ”<w2,S>®\/I—%—;forﬁ”2w2

Plasma beta

(SR ﬁH

/2
) N Ae _ 3(Ae+1
Phase speed S~ Ouw 112052 (AEBH )w
Real phase speed R~ % {1 + %2 + A%J
el

Polarization

right-handed

Plasma beta condition

A
BH > GS(T;D(l + NTHUJQ)

Existence condition

A>2(1+%+w_2) for >1—1—”T+1w2

Instability conditions:

A, > max 3 ,2<1+i+w_2>

1+L”1,1
8(1+%w2)

b=20

hot-Weibel mode
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6.

Comments on weakly propagating solutions

In contrast to pair plasmas, all modes are weakly propagating in a finite
magnetic field, as they have a finite real phase speed R # 0.

In the limit of an unmagnetized plasma the mirror and IMW fluctuations
approach the dispersion relations of the aperiodic hot and cool Weibel
fluctuations, whereas parallel firehose and electron cyctronic fluctuations
do not exist.

The mirror and IMW fluctuations occur at large plasma beta values ) >
w?, whereas the electron cyctronic fluctuations occur at small values of
BH < w?.

The firehose fluctuations are restricted to the range 1 < ) < w?/p = h?
and require w > p!'/? (h > 1).
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7. Summary and conclusions

We rigorously studied the dispersion relations of weakly amplified and weakly
propagating transverse fluctuations with wave vectors kx By = 0 in an anisotropic
bi-Maxwellian magnetized proton-electron plasma. Five different modes can be
excited.

e The Alfven instability is the only weakly amplified solution, whereas the
four weakly propagating solutions are the mirror, electron cyclotronic,
firehose and intermediate magnetized Weibel fluctuations, respectively.

e The four weakly propagating solutions are weakly propagating in a finite
magnetic field with finite real phase speeds R o< b > 0.

Observed solar. .
e In an unmagnetized plasma the mirror and IMW fluctuations approach Weakly amplified

the dispersion relations of the aperiodic hot and cool Weibel fluctuations,

whereas parallel firehose and electron cyctronic fluctuations do not exist.
Comments on. ..

e In agreement with Brinca's (1990) general theorem on the electromag- Summary and.. ..
netic stability of isotropic plasma populations none of these modes can
be excited for isotropic plasma distributions (A = 1).

e For equal parallel electron and proton temperatures, a general analytical
instability condition for weakly amplified fluctuations is derived for equal
values of the electron and proton temperature anisotropies.




The conditions, for which the weakly amplified LH-handed and RH po-
larized Alfven waves can be excited, are derived. Unstable LH and RH
polarized Alfven waves explain the observed confinement limits of solar
wind turbulence of Bale et al. (2009) at small parallel plasma beta.

At large parallel plasma beta and small anisotropies A < 1 unstable
firehose fluctuations operate, whereas at large parallel plasma beta and
large anisotropies A > 1 mirror, IMW and electron cyctronic explain the
observed confinement limits of solar wind turbulence.

Apparently the combined action of all five instabilities account for the
observations.

As other dilute cosmic plasmas have similar densities, temperatures and
magnetic fields as the solar wind, these instabilities provide the clue to
the understanding of equipartition conditions in cosmic plasmas.

Future analytical work: (1) studies of perpendicular fluctuations in bi-
Maxwellian pair and electron-proton plasmas, (2) generalization to rela-
tivistic plasmas, (3) fluctuation theory in anisotropic MHD with no re-
striction to k-direction.

Thanks to collaborators Dominik Ibscher, Marian Lazar, Michal Michno
and Tomislav Skoda.
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