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Fig. 10. Same as Fig .9 for d = 0.15, d = 0.30, and d = 0.45.

Slopes of the frequency dependent light curve parameters

Figures 11 – 14 show maps of the exponents of the frequency
dependent light curve parameters as a function of s and b for
di↵erent values of d. As mentioned earlier, the exponents for
the flare amplitude and the flare time scale can be obtained ei-
ther from the rising edge or the decaying edge of the light curve.
In Fig 11 and 12 we present these parameters obtained from the
rising edge and in Fig 13 and 14 for the decaying edge of the
light curves. In Fig 11 and 12, each panel shows, from left to
right, the variation in the flare amplitude exponent, ✏flare amp., the
flare time scale exponent ✏flare time scale and the cross-band delay
exponent, ✏delay, for 2 < s < 3 and 1 < b < 2 and a fixed value of
d. The value of d is changing from top to bottom from d = 0.45
to d = �0.45 (see also the figure captions). The amplitude of the
flare undergoes a stronger variation with frequency for decreas-
ing Doppler factors with distance (Fig. 11) than for the increas-

ing (Fig. 12), as indicated by the colour-scales. In all cases, the
slope grows with increasing s and b. The time lapse between
the onset of the flare and the peak at each frequency is more
sensitive to changes in frequency for decreasing Doppler factors
with distance. This time lapse is more sensitive to b than to s,
and the di↵erence among frequencies becomes larger (smaller
✏flare time scale) for values of b closer to 1. Finally, the time lag be-
tween the peaks at di↵erent frequencies and a reference one has
a similar behavior with respect to the relevant parameters to the
the time lapse between onsets and peaks. The main di↵erence is
that there is not a large di↵erence in the slopes between positive
and negative values of d and that there are clear discontinuities in
the values of the ✏time lag for increasing Doppler factors, at certain
values of s.

In Fig. 13 and 14 we show the variation of the exponent
for the flare amplitude and the flare time scale obtained from
the decaying edge of the light curve. The exponent for the flare
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Fig. 12. Same as Fig. 11 for d = 0.15, d = 0.30, and d = 0.45.
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Fig. 16. Same as Fig.15 for d = 0.15, d = 0.30, and d = 0.45.
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Fig. 14. Same as Fig. 11 for d = 0.15, d = 0.30, and d = 0.45.
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Fig. 2. Example for the analysis of the synthetic single-dish light curves. Top panel: the single-dish multi-frequency light curves (2.6 to 345 GHz)
computed for b = 1.5, s = 2.5, k = 3.0, ⇢ = 1.0 and d = 0 (see also Fig. 1). Bottom panel from left to right: flare amplitudes, flare time scales and
cross-band delays. The solid lines correspond to power-law fits and the exponent is given in the plots.

Table 1. Parameters used for the modelling of the spectral evolution.

b s k d ⇢ t

c

⌫m,c S m,c S

q,c ↵
q

[1] [1] [1] [1] [1] [yr] [GHz] [Jy] [Jy] [1]
1–2 2–3 2.7–3.3? �0.45–0.45⇤ 1 0.05† 80† 10† 5.4 �0.5
⇤ required to ensure that ✏C < 0, ? assuming adiabatic losses k = 2(s + 2)/3
† fixed value as observed by the F-GAMMA program

light curve standard deviations �
s

from the ground values
in Fig. 2 and apply a power-law fit with frequency �(S ) /
⌫✏flare amp. . Since the flare amplitudes show a rising and a de-
caying part, we apply a power law fit to each part separately

– Flare time scales: The time scale of a flare can be obtained
from the rising and/or from the decaying edge of the indi-
vidual light curves. The rising time scale of a given flare
is obtained as �t = tmax � tmin,r (see also Fig. 2), with the
time between the start of flux density increase (tmin,r) and the
time at the flare maximum (tmax). Whereas the decaying time
scale is computed as �t = tmin,d � tmax, with tmin,d > tmax the
time required to obtain quiescent flux density (see Fig. 2).
We extract these two time scales from the light curves and fit
the obtained data with a power-law, �t / ⌫✏flare time .

– Cross-band delays: In general, there is a delay between
the flux density peaks at di↵erent frequencies. In order to
quantify these multi-frequency delays, we compute the time
di↵erence between the flux density peak at our highest fre-
quency (345 GHz) and the flux density peaks of the other

frequencies. The growth of the cross-band delays with de-
creasing frequency was approximated with a power-law fit�
⌧345�⌫

i

/ ⌫✏delay
�
.

These frequency-dependent single-dish light curve parame-
ters will be referred to as light curve parameters from now on.

2.3. An example

In Fig. 2 we show the analysis of the synthetic light curves com-
puted for the set of parameters also used in Fig. 1: b = 1.5,
s = 2.5, k = 3.0, ⇢ = 1.0 and d = 0. While Fig. 1 shows
the evolution of ⌫m and S m as well as example spectra during
the evolution of the flare, the upper panel of Fig. 2 presents the
computed single-dish light curves from 2.6 GHz to 345 GHz. In
this panel, the measure of the light curve parameters (flare am-
plitudes, time scales and cross-band delays) is indicated. The
high-frequency light curves (⌫ � 86 GHz) show a rapid rise and
reach their peak flux density nearly simultaneously. The increase
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Introduction
Blazars are among the most powerful extragalactic objects, as a sub-class of active galactic nuclei. They launch relativistic jets and their emitted radiation shows 
strong variability across the entire electromagnetic spectrum. The mechanisms producing the variability are still controversial and different models have been 
proposed to explain the observed variations in multi-frequency blazar light curves.We investigate the capabilities of the classical shock-in-jet model to explain and 
reconstruct the observed evolution of flares in the turnover frequency – turnover flux density (νm–Sm) plane and their frequency-dependent light curve parameters.

We investigate the variation in the slopes of the different energy loss stages and 
of the light curve parameters for a large parameter space:
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Properties of synthetic blazar radio light curves 

Shock-in-Jet Model
The model assumes that a shock wave propagates through a conical 
jet and accelerates particles at the shock front. These particles radiate 
energy through different channels, namely Compton, synchrotron and 
adiabatic losses, which lead to an increase in the observed emission 
(Marscher & Gear 1985, Tuerler 2000, Fromm et al. 2011). The 
energy distribution of the relativistic electrons is assumed to be a 
power-law N(E) = KE−s, with K the normalisation coefficient, E the 
energy, and s the spectral slope. The evolution of the physical 
parameters, e.g., the magnetic field, B, the normalisation coefficient 
K, and the Doppler factor, δ, in the bulk flow are parametrized by 
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Fig. 1. Evolution of the turnover frequency, ⌫m, and the turnover flux
density, S m, for a model with b = 1.5, s = 2.5, ⇢ = 1, k = 3.0, and d = 0.
The top panel shows the evolution of the flare in the ⌫m–S m plane (the
time evolution is from the bottom right, to the centre and to the bottom
left.). The black dashed line indicates the path along which ⌫m and S m
(red dots) evolve. The slopes of the di↵erent stages are given in the plot.
The red lines correspond to SSA spectra computed for di↵erent times
(position along the spectral evolution path). The middle panel shows the
temporal evolution of ⌫m, and the bottom panel displays the temporal
evolution of S m.

in the time delay between the highest frequency (here 345 GHz)
and the lower frequency light curves (⌫ < 86 GHz) is clearly
visible. The amplitude of the flux density peak first increases
towards lower frequencies, peaks around ⌫ = 86 GHz, and then
decreases, while the time required for obtaining the flux den-
sity peak at each frequency increases with decreasing frequency

(best visible at 2.6 GHz). The analysis of these trends can be
found in the bottom panels of Fig. 2, which show, from left to
right, the flare amplitudes �

s

, time scales �t, and cross-band de-
lays �t345�⌫

i

versus frequency. The solid line in each of those
panels corresponds to a power-law fit (see Sect. 2.2) and the ex-
ponents are given in the plots. Notice that for frequencies higher
than 43 GHz no delays are obtained for this example.

3. Results

In this Section we present the results for the variation of the
slopes of the di↵erent energy loss stages in the ⌫m � S m plane,
and the corresponding changes of the light curve parameters, as
a function of b, s, and d (we recall that ⇢ = 1 and k = 2(s+2)/3).
Since the range of possibilities given by the di↵erent combina-
tions of the parameters is large, we only show the results for
selected models where we fixed either b = 1.5 (helical magnetic
field) or s = 2.5 (a typical value of a spectral slope), while vary-
ing parameter d, which controls the evolution of the Doppler
factor. This is motivated by the results being most sensitive to
changes in this parameter, as we show below. The results for the
entire parameter space can be found in the Appendix.

Fig. 3. Evolution of the flare in the turnover frequency – turnover
flux density plane for three di↵erent values of d while keeping b = 1.5,
s = 2.5, ⇢ = 1, and, k = 3.0 fixed. The slopes of the di↵erent stages are
given in the plot and are color-coded.

3.1. Slopes of the energy loss stages

The results of our modelling show that the evolution of the
Doppler factor along the jet, which is controlled by parameter
d, has the largest impact on the variation of the slopes for the
di↵erent energy loss mechanisms in the ⌫m � S m plane (see the
Appendix). Figure 3 shows the changes in the slopes that charac-
terise the di↵erent stages, for three values of d (d = �0.3, d = 0,
and, d = 0.3) while keeping b = 1.5, s = 2.5, and k = 3.0 fixed.
We remind the reader that the definition of d in Eq. 1 results
into an increasing Doppler factor with distance for d < 0 and a
decreasing Doppler factor for d > 0. The slopes of the Comp-
ton (✏C) and the adiabatic stage (✏Adiabatic, ✏A hereafter) increase
with d, i.e. the Compton stage flattens while the adiabatic stage
steepens for increasing values of d (see Fig. 3). Interestingly,
there is a change in the sign of the synchrotron stage (✏Synchrotron,
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Fig 1: Spectral evolution of flare in the turnover frequency— turnover flux density plane Fig 2: Synthetic single-dish light curves (top) and light curve analysis from left to right flare amplitudes, flare time 
scales and cross-band delay

nario. However, in order to test the di↵erent variability models
and their multi-frequency predictions in detail, broad band ra-
dio AGN/blazar monitoring programs of larger samples are of
uttermost importance in providing the necessary constraints for
understanding the origin of variability and energy production.
The Fermi-GST AGN Multi-frequency Monitoring Alliance (F-
GAMMA program)1 (Fuhrmann et al. 2007; Angelakis et al.
2010; Fuhrmann et al. 2014), for instance, is providing such de-
tailed data sets and observational parameters since 2007, moni-
toring contemporaneously the total flux density, polarisation and
spectral evolution of about 60 Fermi �-ray blazars at three radio
observatories with a cadence of about one month. The over-
all frequency range spans from 2.64 to 345 GHz (110 mm to
0.8 mm) using the E↵elsberg 100-m, IRAM 30-m, and APEX
12-m telescopes at a total of 11 frequency bands.

In order to provide the framework for future, detailed com-
parisons of theoretical models and F-GAMMA radio monitoring
data, we focus in the current work on the shock-in-jet scenario
and study its predictions of frequency-dependent light curve pa-
rameters as a function of di↵erent physical conditions. We per-
form a parameter space study for conical jets within the shock-
in-jet model, where we use di↵erent scenarios for the evolution
of the magnetic field with the jet radius R, B / R

�b, the spec-
tral slope, s, of the relativistic electron distribution with energy
E, N / E

�s, and the Doppler factor along the jet, � / R

�d.
For each set of jet conditions given by b, s and d, we compute
the slopes of the di↵erent energy loss stages, namely the Comp-
ton, synchrotron and adiabatic stage and based on these slopes
we calculate synthetic single-dish light curves. From the syn-
thetic light curves we extract frequency-dependent single-dish
light curve parameters, i.e. flare amplitudes, time scales and
cross-band delays (Marscher & Gear 1985; Fromm et al. 2011).
Moreover, we investigate in an additional model the impacts of
second order Compton scattering on those parameters (Björns-
son & Aslaksen 2000).

The paper is structured as follows. In Section 2 we review the
standard shock-in-jet model, the parameter space for the physical
conditions in the jet, and our analysis applied to the synthetic
light curves. We present the results of this analysis in Section 3,
Section 4 includes the discussion, and in Section 5 we list the
main conclusions and outlook of this paper.

2. The shock model

We used the classical shock-in-jet model to compute the spectral
evolution during a flare within the mm to cm wavelength regime
(Marscher & Gear 1985; Türler et al. 2000; Fromm et al. 2011).
This model assumes that a shock wave is propagating through a
conical jet (direct proportionality between the jet radius R and
the distance along the jet r, R / r

⇢, with ⇢ = 1) and accelerates
relativistic particles at the shock front. These particles travel
behind the shock front and loose their energy due to di↵erent
energy loss mechanisms, namely Compton, synchrotron and adi-
abatic losses. The energy distribution of the relativistic electrons
is assumed to be a power-law N(E) = KE

�s, with K the normal-
isation coe�cient, E the energy, and s the spectral slope. The
evolution of the physical parameters, e.g., the magnetic field, B,
the normalisation coe�cient K, and the Doppler factor, �, in the
bulk flow are parametrized by power-laws

B / R

�b

K / R

�k � / R

�d. (1)

1 http://www3.mpifr-bonn.mpg.de/div/vlbi/fgamma/fgamma.html

Given these dependencies and the standard synchrotron self-
absorption (SSA) theory, the evolution of the turnover-
frequency, ⌫m, and the turnover flux density, S m, can be written
as a power-law:

S m / ⌫✏im, (2)

where the exponent ✏
i

= f

i

/n
i

is given below, and the subscript
i = 1 corresponds to the Compton, i = 2 to the synchrotron and
i = 3 to the adiabatic stage, with:

n1 = �(b + 1)/4 � d(s + 3)/(s + 5) (3)
n2 = �[2k + b(s � 1) + d(s + 3)]/(s + 5) (4)
n3 = �[2(k � 1) + (b + d)(s + 2)]/(s + 4) (5)
f1 = [(11 � b)/8] � [d(3s + 10)/(s + 5)] (6)
f2 = 2 � [5k + b(2s � 5) + d(3s + 10)]/(s + 5) (7)
f3 = [2s + 13 � 5k � b(2s + 3) � d(3s + 7)]/(s + 4), (8)

In the following, we label ✏1 = ✏C(ompton), ✏2 = ✏S(ynchrotron) and
✏3 = ✏A(diabatic)

In addition to the evolution of the flare in the turnover
frequency–turnover flux density (⌫m � S m) plane, the temporal
evolution of the turnover frequency and the turnover flux density
can be computed:

⌫m / t

n

i

/⇠ (9)
S m / t

f

i

/⇠, (10)

where ⇠ = (2d⇢ + 1)/⇢ (see, e.g., Fromm et al. 2011, for a de-
tailed derivation). The proportionality constants in Eq. 2, Eq. 9,
and Eq.10 can be calculated by using the turnover frequency
and the turnover flux density at the end of the Compton stage�
⌫

m,c, S

m,c
�
, the duration of the Compton stage, t

c

2, and a given
set of exponents (s, b, k, d, and ⇢). Some estimates for the end of
the Compton stage could be, for example, extracted from blazar
single-dish monitoring data of the F-GAMMA program.

Once the temporal evolution of the turnover frequency and
the turnover flux density is given, we can compute the single-
dish light curves using an approximation for the SSA spectrum:

S ⌫ = S m

 
⌫

⌫m

!↵
t 1 � exp

��⌧
m

(⌫/⌫m)↵0�↵t
�

1 � exp (�⌧m)
, (11)

where ⌧
m

⇡ 3/2
h
(1 � 8↵0/3↵t

)1/2 � 1
i

is the optical depth at
the turnover frequency, S m is the turnover flux density, ⌫m is
the turnover frequency, and ↵

t

and ↵0 are the spectral indices
for the optically thick and optically thin parts of the spectrum,
respectively.

The spectral shape is determined by two additional break
frequencies, one at low frequencies, ⌫l, and a high frequency
break, ⌫h. For frequencies lower than ⌫l the optically thick spec-
tral index is given by ↵t = 5/2 whereas at higher frequencies
the value for the optically thick spectral index is computed from
the shock parameters of the adiabatic stage (↵t = f3/n3). This
low frequency break is motivated by the superposition of indi-
vidual spectra with ↵t = 5/2 emitted from regions close to the
shock front which leads to a flattening of the overall spectrum.
Throughout the temporal evolution of the flare, ⌫l is set as a con-
stant fraction, ⇣ of the turnover frequency, ⌫m (see Türler et al.
2000). Since we are not fitting the model to the flare of an indi-
vidual blazar, we assume ⇣ = 0.6 throughout the paper.
2 Time is given throughout the paper in the observer’s reference frame.
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The evolution of a flare can be modelled by the exponents, s,b,k, and 
d. (For more details see Fromm et al. 2014)

Parameter Space Studies

b s k d
1 – 2 2– 3 2.7 –3.3 -0.45 – 0.45

Fig 3: Parameter space plot for a model with d=0.45. From top to bottom slopes of the different 
energy loss stages, time lags, light curve parameters obtained from the rising edge of the light 
curves and from the decaying edge of the light curves

For each set of parameters we compute the spectral evolution and extract the 
single dish light curve parameters (see Fig. 3 for d=0.45)

Shock identification guide
Several single dish light curves and large frequency coverage:$

• create simultaneous spectra from light curve$
• fit synchrotron self-absorbed spectrum to data $
• fit power laws to the evolution of the turnover frequency and flux density$
• compare slopes with parameter space studies$

Few single dish light curves and small frequency coverage:$
• obtain flare amplitudes, flare time scale and cross band delay$
• fit power laws to the obtained single dish light curve parameters$
• compare slopes with parameter space studies

Our results can be used to constrain the physical properties of jets and their 
evolution within the collimation and acceleration regions, by comparison with 
detailed multi-frequency monitoring observations of blazar radio flares.Taking 
advantage of the broad-band (2.6 to 345 GHz), F-GAMMA monitoring program, 
we plan to apply this model to a large number of blazar flares to constrain the jet 
and/or flare properties. The parameters obtained can be used as initial 
conditions in more advanced shock models, including the relativistic magneto-
hydrodyamic nature of jets to further investigate the physics of blazars.$
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